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Posets

Let / be a field and let P be a finite and connected poset. We also denote by P the category with
ObjP =P and with

if v <
Homp(z,y) = |\* 75 o=

0, otherwise.

Definition: A P-persistence module is a functor M : P — vecty. We denote by mod’P the category
of point-wise finite dimensional P-persistence modules.

Example: Let S C P. The indicator module ILg for § is the functor

K, xe€S$ I, z,yedS
Ls(z)=1{ " and Ls(z —y)=1" "
s(2) 0, otherwise st Y) 0, otherwise

Definition: The split Grothendieck group of modP, K;"(P), is the free abelian group generated
by the isomorphism classes of objects in modP, modulo the relation |[M| + [N| = |[M & N|, for
M, N € modP.

Quivers

Let Q = (Qo, @1, s,t) be a finite, connected, and acyclic quiver and K be an algebraically closed
field. Let M = (M;,Yq)icq, acq, be a K-linear representation of (). Given a path v = a;---ay
in (1, we write the evaluation map ¢, = 1), --¢,,, the source s(y) = s(ay), and the target
t(y) = t(ay).

Adding the condition that v, = 1),/ for all paths v and +' such that s() = s(7’) and t(y) = t(7/), the
category of such representations of quivers and the category of P-persistence modules are equivalent
(see for instance [HGKO7]).

Gabriel’s Theorem ([ASS06], VI1.5.10)

There are finitely many indecomposable representations of () if and only if () is of type A,, for

n>1 D, forn >4, E; E-, or Eg. In this case, there are %n(n + 1), n(n — 1), 36, 63, and 120

non-isomorphic indecomposable representations, respectively.

Example: Choose an orientation of A,, and label the vertices by 1,--- ,n. Forany 1 < <7 <n
define the interval [i, j| = {i,i + 1,--- ,j}. The indecomposable representations of any orientation
of A, are interval modules of the form

]L[Z-,j]::O—-~-—O—KL---LK—O—---—O.

Example: Suppose we have the following poset of type P =D,

0> 3. 4 ...
By Gabriel's theorem, ID,, has n(n — 1) indecomposable representations. The list is the following:
Ly, 1<e<n, Lpgs.;jp3<i<n, Li.p,2<i<j<n, Lps.;3<)<n,

and

K
{37...77”'} L
Mtz 5y = MH
0] oY Y] N
/LI " UL RS B 7L N A S S G | B

where 4 < 5 < n and 3 < r < j are the last vertices where there is a K and a K?, respectively.

Structure Theorem for Persistence Modules (JHGKO07], 3.1.1)

Let M € modP. Then, M = &} M, where M, is indecomposable and this decomposition is
unique up to order. In the case where P is a linear order, then M; = LLj; ; for all 1 < ¢ < n.
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Kernel of the Rank Invariant
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Rank Invariant

Definition: A Z-invariant, or simply an invariant, on modP is a group homomorphism ¥ : K"*(P) —
ZN . Meaning U([M @ N|) = U([M]) + ¥([N]), for all M, N € modP.

We say that WV is complete if it is an isomorphism of groups.

Example: Denote by {<p} = {(z,y) € P? | x < y}. The rank invariant is the function

rkp : KP(P) — Z=P)
(M| — (rank(M(z) = M(y)))@yef<p}-

The following is an immediate consequence of the above structure theorem.

Theorem ([CZ09])

The rank invariant is complete for A,, with linear orientation.

Example: By Gabriel's theorem, there are 6 indecomposable representations a linear orientation of

As: 1 — 2 — 3. They are IL;; ;1 such that 1 <17 < 5 < 3. We have

14,J]
I, 1< x< y< g

0, otherwise

rank(]L[i,j](:E) — ]L[z',j](y)) —

Thus dim K"(P) = 6 = dim im rkp.

Incompleteness for a Non-linearly Oriented Poset of Type Aj

In the case where P = Aj is linearly oriented, the previous theorem implies that kerrkp = 0. This is
however false in general.

Lemma

The rank invariant is not complete for As: 1 — 2 < 3.

Proof: We see that rkp([L[ljg] @L[QQ:]) = rk’]D([L[LQ] @L:g)gﬂ), but L[Lg: @L[QQ] x L[LQ] @Lp,g].

Let M = [Lj15 @ Lpg) — [Ljjg @ Lig3]. The proof above implies that M € kerrkp. Because
dimimrkp = [{<p}| = 5 we have that dimkerrkp = 1. Since span,{ M} C ker rkp and they are
both of dimension 1, it follows that span,{ M} = ker rkp.

Remark

The kernel of the rank invariant tells us exactly which P-persistence modules cannot be
distinguished by this invariant.

Motivated by the previous remark, we describe ker rkp when P is a representation finite poset.

Kernel for Posets of Type A,

Suppose we have a quiver of type P = A,,.
Denote M(P) .= {m € P | m is minimal or maximal}.

Proposition

Denote by G, == spang{ |Ly; j © Liy | — Lijin @ L j) | m € i +1,5 —1),m € M(P),

and m is closest to j}. Then

kerrkp = G,,.

Before proving this result, we note that if A, is linearly oriented, then there are nom € [i+ 1,75 — 1]
for any 7, 7 € ‘P, which implies that ker rkp = 0.

Proof: It is straightforward to see that GG,, C ker rkp.
To show the isomorphism, we will proceed by induction on n. In the case n = 3, which is the smallest
n such that A,, can be not linearly oriented, we know the proposition holds.

Suppose the claim true for a n > 3 and write P = A, ;. There is a bijection between the inde-
composable representations of A, and the indecomposable representations M = (M;,1,) of A, 4
where we fix M, .1 = 0. Therefore, we have that our claim holds for those representations. We
know by Gabriel's theorem that n + 1 = dim K¢"(A,,1) — dim K"(A,,), which implies that there
are n + 1 indecomposable representations of A, ; with M, = K. Let t € M(P) be the element
closest to n + 1 that is different than n + 1. By assumption, there is a path of length at least one
t— -+ —=n+lort<---<n+1l Itfollows that dimimrky A —dimimrky = n—t+2, which
implies that dim kerrky ., — dimkerrky, = ¢ — 1. We find that there are ¢ — 1 vertices ¢ such that
t € [t+1,n+1—1]. Since the set of all |ILj; 1 @ L, 1] — [Lji 1) @ Ly, j1) for different 7 is linearly
independant, we conclude that dim G, —dim G,, =t —1 and it follows that kerrky , = G)41.
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Kernel for Some Posets of Type D,

Suppose we have the following poset of type P = DD,

Proposition

For n = 4 we have

— L1 gy @ Lyasy], L1341 @ Ligsy| — Ly 33 @ Lz 4y,
ker rkp = spany 3, j — :L{Z,S} D ]L{i%,él}:a :"?{1,2,3,4} D L{S}] — [Mﬁ,}zg,zx}],
L2034y @ Liigyl — [Lyi2s) @ L1zl

More generally, suppose we have the following poset of type P =D,

Let's denote

JjE 4, n+1],
i € (2,5 — 1],
m,{ € M(P),
m, £ are closest to 7, .
meli+1,5—1]
(e l3,5—1],
re (3,7 —1]

kerrkp = H,,.

Proof: Direct computation of rkp shows H,, C kerrkp. It can also be shown that the elements a,,
be, Ce, de, and ¢ are linearly independent.

To show the isomorphism, we will proceed by induction on n. In the case n = 4, we know the
proposition holds.

Suppose the claim true for a n > 4 and write P = D, ;. There is a bijection between the inde-
composable representations of ID,, and the indecomposable representations M = (M;,1),) of D, 4
where we fix M, .1 = 0. Therefore, we have that our claim holds for those representations. We
know by Gabriel's theorem that 2n = dim K" (D,,;1) — dim K"(ID,,), which implies that there are
2n indecomposable representations of ID,,.; with M, = K.

Let £ € M(P) be the element closest to n + 1 that is different than n + 1. By assumption, there is
a path of length at leastonet — --- -=n+1lort < --- < n+1. Thereare n+1—1t+ 1 pairs
(2,n+1) with t <7 <n+1. It follows that dimim rkp,_, —dimimrkp = n — ¢+ 2, which implies
that dimkerrkp , — dimkerrkp, = n + ¢ — 2. Note that e € kerrkp , so the new elements have
the form a,, Do, Co, d..

Fixing 7 = n + 1, we find t — 2 vertices ¢ € [2,n + 1] such that ¢t € [¢ + 1,n + 1 — 1]. This implies
that there are { — 2 elements in H,,1; of the form a; 11+, which are not contained in f,,.

Again by fixing 7 = n + 1, we see there are n — 2 vertices 7 in the interval [3,n + 1 — 1|. So there
are . — 2 new elements ¢, in H, | which are not contained in H,,.

We also have a single new element b, 1 in H,.; which is not contained in H,,. Finally, t € [3,n],
t € M(P), and t is closest to n + 1. So the element d,,,1; in H,; which is not contained in H,,.
We conclude that dim H,,,; —dim H, = (t —2)+ (n —2)+ 14+ 1=n+t — 2 and it follows that
ker ranH = n-+1- ]

~

Kernel for a Poset of Type [

The technique to find ker rkp can be adapted to any representation finite poset. Without precisely
describing the kernel for a poset of type P = g, we will give an example of an element in ker rkp.
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